We construct the Carrollian equivalent of the relativistic energy-momentum tensor, based on variation of the action with respect to the elementary fields of the Carrollian geometry. We prove that, exactly like in the relativistic case, it satisfies conservation equations that are imposed by general Carrollian covariance. In the flat case we recover the usual non-symmetric energy-momentum tensor obtained using Noether procedure. We show how Carrollian conservation equations emerge taking the ultra-relativistic limit of the relativistic ones. We introduce Carrollian Killing vectors and build associated conserved charges. We finally apply our results to asymptotically flat gravity, where we interpret the boundary equations of motion as ultra-relativistic Carrollian conservation laws, and observe that the surface charges obtained through covariant phase-space formalism match the ones we defined earlier.
Introduction
The Carroll group was firstly introduced in [1] as a contraction of the Poincaré group for vanishing speed of light and this is referred to as the ultra-relativistic limit. The main feature is that, as opposed to the Galilean case, this group allows for boosts only in the time direction: space is absolute.
We could wonder what happens when we take the zero-c limit of a relativistic generalcovariant theory. The resulting theory ends up being covariant only under a subset of the diffeormorphisms, as illustrated in [2] , the so-called Carrollian diffeormorphisms
(1.1)
The ultra-relativistic limit breaks the spacetime metric into three independent data, a scalar density, a connection and a spatial metric. These geometric fields are nicely interpreted as constituents of a Carrollian geometry, as we will show in Sec. 2. Now considering an action defined on such a geometry, covariant under (1.1), we are facing a problem in defining the energy-momentum tensor. Indeed, in general-covariant theories it is obtained as the variation of the action with respect to the metric. This requires the existence of a regular metric i.e. of a pseudo-Riemannian manifold, but in the Carrollian case, as we mentioned, there is no spacetime non-degenerate metric. Therefore, we must introduce new objects.
The core of Sec. 2 will be dedicated to the definition of these new objects, dubbed Carrollian momenta, and obtained as the variation of the action with respect to the 3 geometric fields mentioned above.
General covariance usually ensures that the energy-momentum tensor is conserved. In the context of Carroll-covariant theories, we will derive similar conservation equations for the Carrollian momenta. In order to gain confidence with these new definitions, we will study a simple Carrollian action, and show that, on a flat geometrical background, the Carrollian momenta are packaged in a spacetime energy-momentum tensor which coincides with the Noether current associated with spacetime translations. This will be done in Sec. 3.
We will further discuss the intrinsic Carrollian nature of the ultra-relativistic limit. Indeed, in Sec. 4, starting from the conservation equations of an energy-momentum tensor, covariant under all changes of coordinates, we reach conservation laws that look strikingly similar to the ones we derived for the Carrollian momenta, which are covariant only under (1.1).
In general-covariant theories, the existence of a Killing vector allows to build a conserved current by projecting the energy-momentum tensor on the Killing field. This ultimately leads to a conserved charge. After briefly introducing the notion of conserved current in the Carrollian context, we define in Sec. 5 the Carrollian Killing vectors and build their associated currents and charges.
The last part of this paper is devoted to the application of the Carrollian framework to flat holography. The latter is a holographic correspondence between a theory of asymptotically flat gravity and a non-gravitational theory leaving on its boundary, see [3] [4] [5] [6] for recent progresses in this direction. Asymptotically anti-de-Sitter spacetimes enjoy a timelike pseudo-Riemannian boundary and the associated metric sources its dual operator: the boundary energy-momentum tensor. For asymptotically flat spacetimes, the dual theory leaves on the null infinity I + . Nevertheless this surface does not carry the same geometrical structure, it is a null hypersurface thus equipped with a Carrollian geometry [7] and this will be the source for the Carrollian momenta. The conservation of the latter will be shown to correspond to the gravitational dynamics in the bulk. 1 As a cross check, it has been shown [9] that the conformal Carroll group has a particular realization which is nothing but the Bondi-Metzner-Sachs (BMS) group [10] : the symmetries associated with a Carrollian structure match the asymptotic symmetries of the bulk.
In Secs. 6.1 and 6.2 we focus on the Carrollian theory on I + and its relevance for gravitational asymptotically flat duals in 3 and 4 dimensions, and in Sec. 6.3 we study explicit solutions, namely the Robinson-Trautman and the Kerr-Taub-NUT families.
Carrollian momenta
We start with a brief reminder on the energy-momentum tensor in the relativistic case, and then define its counterpart, that we call Carrollian momenta, on a general Carrollian background. This requires the study of Carrollian geometry and covariance, which will be eventually the guideline for obtaining the conservation equations of these momenta. We also extend our results for a scale invariant theory (Weyl invariant) and write the conservation equations in a Weyl-covariant way. Finally, we focus on the flat case and show how, in this case only, one can promote the Carrollian momenta to a "non-symmetric energy-momentum tensor".
A relativistic synopsis
In a relativistic theory, the energy-momentum tensor is usually defined as
For a general-covariant theory, it is easy to prove that it is conserved. Indeed, considering the variation of the action under an infinitesimal coordinate transformation
we have
where d + 1 is the spacetime dimension and φ stands for the various other fields of the theory. We assume that we are on-shell so δS δφ = 0. Moreover, δ ξ is the Lie derivative, which for a Levi Civita reads
We thus obtain
If the theory is general-covariant, δ ξ S = 0 for all ξ. From this we deduce that ∇ µ T µν vanishes on shell, which is the usual conservation law of the energy-momentum tensor.
Carrollian geometry
We briefly introduce here the Carrollian geometry, as it emerges from an ultra-relativistic (c → 0) limit of the relativistic metric. It has been shown in [2, 6] that the conservation equations of a relativistic energy-momentum tensor, covariant under all diffeomorphisms, lead, in the c → 0 limit, to equations covariant under a subset called Carrollian diffeomorphisms
An adequate parametrization for taking this limit is the so-called Randers-Papapetrou, in which the various components transform nicely under this subset of diffeomorphisms. The metric takes the form 2
where i = {1, . . . , d}. Indeed, under (2.5)
where
∂t . In the c → 0 limit the metric becomes degenerate, hence we cannot package the different metric fields in a spacetime tensor g µν , but instead we have to treat those three fields separately: time and space decouple as (2.5) clearly suggests. We therefore trade the metric g µν for the time lapse Ω(t, x), connection b i (t, x) and spatial metric a ij (t, x), 3 which we refer to as Carrollian metric fields, defining a Carrollian geometry. On the derivatives, (2.5) infers 8) which implies that the spatial derivative is not a Carrollian tensor and the temporal one is a density. Therefore we introduce the Carroll-covariant derivatives 1 Ω ∂ t and∇ i . In the temporal one the role of Ω as a time lapse is clear, and the spatial one is defined through its action on scalars as∂
On Carrollian tensors, it acts as usual with the following Christoffel symbolŝ
By construction,∂ i transforms as a Carrollian tensor
and thus we also see clearly the role of b i as connection. Out of the Carrollian metric fields,
we can build first-order derivative geometrical objects
13)
14)
They are all Carrollian tensors and they encode the non-flatness of the Carrollian geometrical structure we are defining. They will turn out very useful in writing the conservation equations of the Carrollian momenta defined in the next section.
Carrollian momenta
We define the Carrollian equivalent of the energy-momentum tensor as the three following pieces of data: 
The spatial vector B i and matrix A ij are indeed Carrollian tensors. However, O is not a scalar and, as we will see and use, it is wiser to introduce the scalar combination E = ΩO + b i B i . Given a Carroll-covariant theory, the action is invariant under Carrollian diffeomorphisms, generated by the spacetime vector ξ
Notice that ξ i only depends on x, this is the infinitesimal translation of (2.5). Under such an infinitesimal coordinate transformation we have
and the on-shell condition ensures δS δφ = 0. We need to compute δ ξ Ω, δ ξ b i and δ ξ a ij . In order to do so we compute the infinitesimal version of (2.7). If
We would like to write these transformations in terms of manifestly Carroll-covariant objects, so we define X = Ωξ t − b i ξ i . By noticing that the components of a spacetime vector transform as
it is straightforward to show that X is the right combination for obtaining a scalar. We thus rewrite (2.20), (2.21) and (2.22) in terms of X, ξ i and the Carrollian geometrical tensors introduced above
This rewriting hints toward Carrollian covariance, as it replaces ξ t with X. Therefore, we obtain δ ξ S = δ X S + δ ξ i S with
Finally, demanding δ X S and δ ξ i S be zero separately and manipulating them, we obtain two conservation equations which are manifestly Carroll-covariant: 4 1
where we used the already introduced scalar combination E = ΩO + b i B i . Let us briefly summarize. By strict comparison with the relativistic situation, we have defined the momenta of our Carrollian theory to be the variation of the action under the geometrical set of data that characterizes the background. Exploiting the underlying Carrollian symmetry we reached a set of two equations which encode the conservation properties of the momenta. As expected, these equations are fully Carroll-covariant.
Weyl covariance
At the relativistic level, Weyl invariance merges when the theory is invariant under a rescal-
for any B function of spacetime coordinates. 5 The transformations of Ω, b i and a ij under Weyl rescaling are deduced from the relativistic Randers-Papapetrou metric (2.6)
If the action is invariant under such transformations,
has to vanish for every λ(t, x). Therefore
, valid up to total derivatives and for any scalar X and vector B i . 5 This conformal symmetry has important consequences in hydrodynamical holographic theories, [12, 13] .
We will refer to this condition as the conformal state equation, it is the equivalent of the tracelessness of the energy-momentum tensor in the relativistic case. From (2.31) we deduce the following transformations of the Carrollian momenta
This implies also E → B d+1 E.
We would like to write the conservation equations in a manifestly Weyl-covariant form.
To do so, we decompose A ij = − 1 2 P a ij − Ξ ij with Ξ ij traceless, such that the constraint (2.33) becomes E = dP . This enable us rewriting (2.29) and (2.30) as
The Carrollian derivatives are not covariant under Weyl rescaling, since the latter brings extra shift terms. In order to reach manifestly Weyl-Carroll-covariant equations, we can upgrade the Carroll derivatives to Weyl-Carroll ones. Among the Carrollian first derivative tensors introduced above, ϕ i and θ are Weyl connections as
Therefore, they can be used for defining the Weyl-Carroll derivative. For a weight-w scalar function Φ, i.e. a function scaling with B w under Weyl, and a weight-w vector, the WeylCarroll spatial and temporal derivatives are defined aŝ
such that under a Weyl transformation
The action on any other tensor is obtained using the Leibniz rule. Eventually, we can write (2.35) and (2.36) using these derivatives as
Not only these equations are now very compact, they are also manifestly Weyl-Carrollcovariant.
The flat case
So far we have worked on general Carrollian geometry, i.e. we did not impose any particular value of Ω, b i and a ij . We now restrict our attention to the flat Carrollian background. 6 At the relativistic level, the Poincaré group is defined as the set of coordinate transformations that leave the Minkowski metric invariant. By strict analogy, the Carroll group is defined as the set of transformations that preserve the Carrollian flatness, [11] . Therefore, the Carroll group corresponds to the transformations satisfying
with b 0i constant. The resulting change of coordinates is
This group is known in the literature as the Carroll group.
Recasting (2.29) and (2.30) for a ij (t, x) = δ ij , Ω(t, x) = 1 and b i (t, x) = b 0i , we obtain
The momenta appearing in these two equations can be packaged in a spacetime energymomentum tensor (where spacetime does not mean relativistic)
The usual conservation of this tensor ∂ µ T µν = 0 is ensured by the conservation equations of the momenta, namely (2.50) and (2.51). This tensor is not symmetric, but this should not come as a surprise: it is not defined throughout the variation of the action with respect to the spacetime metric (symmetric by construction), instead it is defined using the Carrollian metric fields. 7 Finally notice that this spacetime lifting procedure was possible here due to the flatness of the Carrollian geometry. In general backgrounds, this is not possible, and the very concept of spacetime energy-momentum tensor is ambiguous-whereas the Carrollian momenta are by construction well suited.
As a conclusive remark notice that the Carroll group contains spacetime translations, so if a theory is invariant under this group, there will be a set of d + 1 Noether currents associated with spacetime translations. Packaging them in a d + 1-dimensional kind of Noether energymomentum tensor, enables us comparing it with (2.52), as we do in the next section.
A Carrollian scalar-field action
In order to probe our results, we start with the example of a single scalar field φ(t, x). We begin the study on a general Carrollian background and show that the momenta are conserved.
Then, we restrict the geometry to the flat case, where spacetime translational invariance of the theory allows us to compare our energy-momentum tensor (defined only in the flat case, as in Sec. 2.5) to the conserved current computed using Noether procedure. The two energymomentum tensors will turn out to be equivalent up to divergence-free terms.
In order to ensure Carroll invariance of the scalar-field action, we need to trade the usual derivatives for the Carrollian ones. So we consider the action
which is manifestly covariant. The equations of motion are readily determined
The Carrollian momenta are
3)
These momenta are conserved on shell since the conservation equations (2.29) and (2.30) are automatically satisfied given the equations of motion (3.2) . This last result shows unambiguously the relevance of these objects. Notice moreover that these momenta satisfy the conformal state equation (2.33) only for d = 1. In fact this action can be recovered from an ultra-relativistic limit of the free relativistic scalar theory, which is known to be conformal only in 2 spacetime dimensions.
We now impose the Carrollian background to be flat. In this case, the action (3.1) becomes 6) which is invariant under spacetime translations. In the flat case, we can lift the Carrollian momenta into a spacetime energy-momentum tensor (2.52), which here takes the form
and it is conserved.
The action (3.6) is invariant under spacetime translations. As stated in the previous section, we therefore have d + 1 associated Noether currentŝ
which explicitly read:
10)
The conservation ∂ µT µν = 0, is achieved thanks to the equations of motion (3.2) for flat geometry∂ i∂ i φ = 0. We can now compare the energy-momentum tensor (3.7) with (3.9), (3.10), (3.11) and (3.12). We obtainT
with B tt = 0, (3.14)
16)
As anticipated, the tensor B µν is divergenceless on-shell ∂ µ B µν = 0, which implies that the two energy-momentum tensors carry the same physical information on the theory.
Ultra-relativistic limit: the emergence of Carrollian physics
In the previous sections, we have intrinsically defined the Carrollian momenta starting from the metric fields of a Carrollian geometry. The Carrollian geometry was inspired by an ultrarelativistic contraction of the relativistic metric. We will see now how the ultra-relativistic limit can be directly taken at the level of the conservation equation of the relativistic energymomentum tensor. This limit provides a richer structure, with more equations and fields. This is neither surprising nor contradictory. It is suggested by the dual Galilean limit, [6] .
Indeed, in the non-relativistic case, on top of the momentum and energy conservation, an extra equation arises, which is ultimately identified with the continuity equation. A similar phenomenon occurs in the Carrollian case: additional fields and equations survive in the limit, and this is controlled by our choice of c-dependence of the fields.
Given a vector field u µ , normalized as u 2 = −c 2 with respect to the relativistic metric (2.6), the energy-momentum tensor can always be decomposed as 8
In the hydrodynamic interpretation, E and P are the energy density and pressure of the fluid, g µν is the spacetime metric and τ µν and q µ are the transverse dissipative tensors, named viscous stress tensor and heat current. We choose to adapt the velocity to the geometry
the fluid is at rest. The advantage of this choice is that the dissipative tensors, since transverse, have only spatial independent components. Inspired by flat holography [6] , we choose a particular scaling of these tensors in c, namely
A more general dependence could have been considered. This would add new fields and new equations to the resulting Carrollian theory, whereas the present choice will be sufficient for the examples we want to analyze. Notice that the c-independent situation is recovered for Σ ij = 0 = π i . We now perform the zero-c limit of ∇ µ T µν = 0. Defining again A ij = − 1 2 P a ij − Ξ ij , we obtain the following set of equations 9 1
1
As advertised, we immediately recognize (4.5) and (4.6) as the Carrollian counterpart of the continuity equation: these are two consistency equations of the limit. Notice moreover how these equations reduce to the Carrollian equations (2.29) and (2.30) when the dissipative terms have no c-dependence, Σ ij = 0 = π i , together with the additional constraint
This result undoubtedly shows the nature of the ultra-relativistic limit: it is a Carrollian limit. Conversely, this analysis gives credit to our intrinsic Carrollian construction of the previous sections.
Summarizing, we have shown how the ultra-relativistic expansion gives rise to a leading Carrollian behavior. Furthermore, we have analyzed the extra inputs this limit brings and the associated conservation equations. It is remarkable how the Carrollian momenta intrinsically defined using Carrollian geometry match the ultra-relativistic limit.
We conclude with an aside important remark: we have taken the ultra-relativistic limit of the conservation equations because it would have been inconsistent to compute directly the limit of the energy-momentum tensor itself. Indeed we would have lost information on the fields which survive and the conservation equations they satisfy. This confirms that we have to give up the concept of spacetime energy-momentum tensor on general Carrollian backgrounds, as anticipated in [2] but sometimes disregarded in the current literature.
Charges
This section is dedicated to the definition of charges in the Carrollian framework. Charges are conserved quantities associated with a symmetry of the theory. Relativistically, the latter can be generated by a Killing vector field. By projecting the energy-momentum tensor on the Killing vector, we obtain a conserved current. We will show here how to implement this procedure in the Carrollian case. In order to do so, we firstly derive charges starting from a conserved Carrollian current. Secondly, we define Carrollian Killing and conformal Killing vectors. Thirdly, we build conserved charges associated with conformal Killing vectors. This will be useful for the forthcoming examples involving asymptotically flat gravity. Finally, we give another example of Carrollian action and compute the charges to illustrate our results.
Conserved Carrollian current and associated charge
We show here a way to define a conserved charge starting from a conserved current. In this derivation we never impose the current to be associated with a Killing vector, therefore our construction is very general. Whenever we have a scalar J and a vector J i satisfying
we can build the conserved charge
where Σ t is a constant-time slice. A way to derive this formula is to start from the relativistic level: consider a conserved current J µ , the charge is then
Here n µ is the unit vector normal to Σ t and σ µν is the induced metric on Σ t . In order to perform the zero-c limit, we decompose J µ in an already Carroll-covariant basis
Then, using the Randers-Papapetrou parametrization for the relativistic spacetime metric
Therefore, we find Q → c→0 c 2 Q, showing the relevance of the proposed Carrollian charge (5.2).
Carrollian Killing vectors and associated conserved currents
A Killing vector is usually defined as a vector field that preserves the metric. Analogously, we define the Carrollian Killing vector ξ to be the vector satisfying 10 It obeys the following conformal Killing equations:
In particular from the last equation we obtain λ = 1 d
This general construction is very useful, as we will shortly confirm.
We now build a conserved current by projecting the Carrollian momenta on a Carrollian
Killing vector, exactly like in the relativistic case. Indeed consider the following Carrollian current:
It is conserved provided ξ satisfies (5.8), and the Carrollian conservation equations (4.5) and (4.6) are verified. According to Sec. 5.1, the corresponding conserved charge is
This charge is also conserved when ξ satisfies (5.11), if we further impose the conformal state equation E = −2A i i .
Charges for B i = 0
We will show in Sec. 6 that the equations describing the dynamics of asymptotically flat spacetimes in 3 and 4 dimensions can be related to Carrollian conservation laws for B i = 0. For this reason we focus here on this particular case and build other conserved currents associated with conformal Killing vectors. In Sec. 6 we will observe that the corresponding charges match the surface charges obtained through covariant phase-space formalism.
The Carrollian conservation equations obtained from the ultra-relativistic limit (4.3) and (4.4), for B i = 0, become
We could have also reported the two equations on Σ ij , (4.5) and (4.6), but they are immaterial here. Consider a Killing vector ξ, the following charge, up to boundary terms, is conserved 
It is interesting to investigate the flat case a ij (t, x) = δ ij , Ω(t, x) = 1 and b i (t, x) = b 0i . Here, (5.14) and (5.15) can be written as ∂ µ T µν = 0 with 13
and we notice that the charge, up to a divergenceless term, takes the usual form
O, which is separately conserved. 12 Its conservation (5.1) is ensured thanks to the Killing equations together with (5.14) and (5.15). 13 We recall that for B i = 0, E = ΩO. Thus in the flat case E = O.
For ξ and η Killing vectors, we define the bracket
Here δ η is the Lie derivative acting on the metric fields and the momenta, but not on ξ t and ξ i . A lengthly computation shows that the charges (5.16) equipped with this bracket form a representation of the Carrollian Killing algebra:
We can extend this result to the conformal Killing algebra if, as previously, the conformal state equation E = −2A i i is imposed.
Application to the scalar field
We close this section with an example of scalar-field action whose Carrollian momenta reproduce exactly the conservation equations described in Sec. 5.3. Consider a scalar field φ(t, x) and the following Carroll-covariant action: 
Carrollian conservation equations of the type (5.14) and (5.15) are satisfied provided π i = 1 Ωφ∂ i φ. In the flat case the energy-momentum tensor (5.18) computed earlier becomes:
As in the other example of scalar-field action (Sec. 3), this object coincides with the Noether current associated with spacetime translations, up to a divergenceless term.
We can now focus on the charges in the Hamiltonian formalism. Defining the conjugate momentum ψ = ∂L ∂φ = √ a Ωφ , and writing the Carrollian momenta in terms of φ and ψ, we
Therefore, the charges (5.16) become 
Carrollian conservation laws in Ricci-flat gravity
We will now turn our attention to Ricci-flat gravity. When the bulk metric is expressed in an appropriate gauge, usually given by imposing the radial coordinate be null, Einstein equations reduce to equations defined on null infinity I + . Its null nature makes it a natural host for a Carrollian geometry and the gravitational dynamics will be shown to match with Carrollian conservation laws. In gravity, the covariant phase-space formalism allows to compute surface charges, those will be shown to be given exactly or partially by the conserved charges defined in Sec. 5.3, depending whether the gravitational solution has radiation or not.
Asymptotically flat spacetimes in three dimensions
Three-dimensional asymptotically flat spacetimes are often studied in the Bondi gauge which, as we will shortly describe, imposes by definition the corresponding two-dimensional Carrollian manifold be flat. Here we want to show that we can source the geometric boundary fields, in order to create a general Carrollian structure [4] .
Consider the following bulk metric
The bulk coordinates are {u, r, x ∈ S 1 }, u = Ωdu − b x dx, a xx is the one-dimensional boundary spatial metric, E and π x are the Carrollian momenta and θ and ϕ x correspond to (2.13) and (2.12) defined earlier:
All the fields appearing in the bulk metric depend only on u and x. From this metric we can extract the corresponding Carrollian geometry on I + = {r → ∞}. The following procedure is general but we will use the specific case of three-dimensional asymptotically flat spacetimes as an illustration. Consider the conformal extension of (6.1)
3) the factor r −2 is present to regularize the metric on I + . We perform the change of variable ω = r −1 in the conformal metric, it becomes 14
We can deduce the Carrollian geometry on
We now move to the dynamics. In the following, we restrict our attention to the bulk line element (6.1) with the additional geometrical constraint
θ is a Weyl-weight 1 two-derivative object. The Carrollian momenta do not appear in this equation, it is just a constraint on the boundary geometrical background as it involves only the Carrollian metric fields. Using this ansatz, Einstein equations reduce to
We interpret them as the Carrollian conservation equations (4.3), (4.4), (4.5) and (4.6) for Σ xx = B x = 0 and E = P (conformal case). Furthermore Ξ xx is automatically zero due to its tracelessness. Therefore, the gravitational dynamics of this metric ansatz coincides with the Carrollian conservation equations that fall into the case described in Sec. 5.3. 15 We would like at this point to obtain the surface charges. We thus compute the asymptotic Killing vectors of ds 2 whose leading orders in r −1 arê
Here λ =∇ x ξ x + X Ω ∂ u ln √ a xx and ξ = ξ u ∂ u + ξ x ∂ x is a conformal Killing vector (i.e. satisfying (5.10) and (5.11)) of the corresponding Carrollian geometry {Ω, a xx , b x }. We calculate the associated surface charge through covariant phase-space formalism and obtain that they are integrable and have exactly the same expression as the conserved charges defined in Sec. 5.3
out of purely Carrollian considerations
There is no gravitational radiation in three dimensions, the charges are thus conserved. We will see that things are slightly different in four dimensions, where we have to consider the radiation at null infinity.
If we restrict our attention to the case Ω = 1, a xx = 1 and b x = 0, we recover the usual Bondi gauge for asymptotically flat spacetimes and Carrollian conservation becomes
This set-up was extensively studied for instance in [15] . Here, the solutions to the Carrollian Killing equations are exactly the bms 3 algebra vectors ξ = ξ u ∂ u + ξ x ∂ x with ξ u = ∂ x ξ x u + α, for any smooth functions ξ x (x) and α(x) on S 1 . Moreover the solutions to (6.11) and (6.12) are
Hence, the charges become the usual ones 16 14) which are manifestly conserved.
Linearized gravity in four dimensions
We can perform the same kind of analysis in the case of asymptotically flat spacetimes in four dimensions, where asymptotic charges have been computed. We show that the boundary equations of motion, which are the linearized Einstein equations after gauge fixing, can be interpreted as a Carrollian conservation, and that the asymptotic charges are also charges associated with conformal Carrollian Killing vectors.
The bulk metric is g ab = η ab + h ab with
where a = {r, µ} = {r, u, x i }, i = 1, 2. The perturbation h ab is traceless, so γ ij C ij = 0, where γ ij is the metric of the two-sphere and ∇ i the associated covariant derivative. We recognize the mass aspect m B , the angular aspect N i and the gravitational wave aspect C ij , all depending on u and x i . In this gauge, the linearized Einstein equations become:
We first consider the case
Then (6.16) and (6.17) admit a Carrollian interpretation and are recovered from (2.29) and (2.30) with the following metric data
and Carrollian momenta
where E = −2A i i and Ξ i i = 0-we are in the conformal case. We obtain the following conser-vation equations:
This type of Carrollian conservation falls again into the class described in Sec. 5.3.
The asymptotic Killing vectorsξ =ξ r ∂ r +ξ u ∂ u +ξ i ∂ i associated with the gauge (6.15) have the following leading order in r −1 (6.24) where ξ = ξ u ∂ u + ξ i ∂ i is a conformal Killing vector (i.e. satisfying (5.10) and (5.11)) of the Carrollian geometry given by {Ω = 1, a ij = γ ij , b i = 0} and λ is the conformal factor. The solutions to the corresponding conformal Killing equations reproduce exactly the bms 4 al-
, α being any function on S 2 , ξ i a conformal Killing of S 2 and λ = 1 2 ∇ i ξ i . We compute the corresponding surface charges. When ∇ i ∇ j C ij = 0 they take the form
with E and π i given by (6.21). We recognize again the charges defined from purely Carrollian considerations in Sec. 5.3, associated with the data (6.19), (6.20) and (6.21). These charges are automatically conserved. Physically, this is due to the fact that part of the effect of gravitational radiation has suppressed by demanding ∇ i ∇ j C ij = 0. We will find shortly that relaxing this condition has an effect on the charge conservation.
Integrating (6.22) and (6.23) we obtain
The charges become 17
(6.27) 17 Surface charges have been computed for this kind of spacetimes in [16] , see the n = 2 case of Sec. 3 for ∇ i ∇ j C ij = 0. Their charges coincide with (6.27) with α = T, ξ i = v i , E 0 = 4M and π i 0 = −3N i .
The last step follows from the fact that ξ i is a conformal Killing vector on S 2 and Ξ i j is traceless. We observe that Q ξ is now manifestly conserved.
When ∇ i ∇ j C ij 0, on the gravity side the radiation affects the surface charges and spoils their conservation. Therefore, these charges do not match those we defined earlier. This situation can be further investigated and recast in Carrollian language. To this end, we define σ = ∇ i ∇ j C ij and rewrite (6.16) and (6.17)
Here, the metric fields are
together with the Carrollian momenta
Hence turning on σ can be interpreted as spoiling the conformal state equation: E = −2 A i i + σ . It appears as a sort of conformal anomaly in the boundary theory. The surface charges become
and, as already stated, they are no longer conserved 
Black hole solutions: Robinson-Trautman and Kerr-Taub-NUT
For asymptotically AdS solutions, Einstein equations lead to the conservation of an energymomentum tensor on the timelike boundary with the cosmological constant playing the role of the velocity of light [6] . Taking the flat limit in the bulk therefore corresponds to an ultrarelativistic limit on the boundary, and this is how Carrollian dynamics emerges. We illustrate 
Robinson-Trautman
The Robinson-Trautman ansatz is
where m and P depend on the boundary coordinates {u, z,z}. This metric is Ricci-flat provided the Robinson-Trautman equations are satisfied:
where we have defined ∆ = ∇ i ∇ i , for i = {z,z}, and ∇ i is the Levi Civita covariant derivative of the spatial metric a = 2 P 2 dzdz. These equations can be interpreted as Carrollian conservation laws (4.3), (4.4), (4.5) and (4.6) with the metric data Ω = 1, b i = 0 and a = 2 P(u,z,z) 2 dzdz and the Carrollian momenta
Here we have introduced the Gaussian curvature K = ∆ ln P. Weyl covariance is ensured by the conformal state equation E = −2A i i , together with Σ i i = 0. With this set of data, the conservation equations are
Equations (4.5) and (4.6) do not appear in the Robinson-Trautman equations because they are geometrical constraints on the spatial metric, which are automatically satisfied when imposing a = 2 P 2 dzdz. We want to interpret the charges we have introduced in Secs. 5.2 and 5.3 for the RobinsonTrautman spacetime. To this end, we introduce a conformal Carrollian Killing vector ξ, with (5.10) and (5.11) here given by
The solution is the following vector 18
where ξ i is a spatial conformal Killing vector, i.e. it satisfies
The associated charges (5.13) become
They are conserved by construction.
Even though the second family of charges (5.16) were defined only for B i = 0, we can nevertheless study what their expression is for the solution at hand. We find
As expected, they are not generically conserved, and using (6.41) we find 18 The metric (6.35) is not in the Bondi gauge unless P is time independent. Therefore, the conformal Killing vector ξ does not satisfy the usual bms 4 algebra, but a generalized version of it. 19 Actually, it is possible to show that, even when B i 0, the charges (5.16) are generically conserved if the vectors ξ satisfy δ ξ a ij = 0, δ ξ Ω = 0 and δ ξ b i = 0.
Kerr-Taub-NUT family
The interesting feature of the Kerr-Taub-NUT family is that, although stationary, it has a non-trivial metric field b i . Its line element, in {t, r, θ, φ} coordinates, is given by
where In this solution, M is interpreted as the black hole mass, α its angular parameter and n its NUT charge. The Carrollian geometrical data are Ω = 1, b i as in (6.56) and a = dθ 2 + sin 2 θdφ 2 . The bulk Einstein equations are satisfied for a constant mass. We can interpret this result as given by the following Carrollian data They explicitly depend on the Kerr-Taub-NUT parameters thanks to the presence of the metric field b i , and they are manifestly conserved.
Conclusions
We are now ready to summarize our achievements.
In the framework of Carrollian dynamics we have defined Carrollian momenta as the variation of the action with respect to the Carrollian metric fields Ω, b i , a ij . These momenta obey conservation laws ensuing the invariance of the action under Carrollian diffeomorphisms. We have carefully stressed that this set of Carrollian momenta plays the role the energy-momentum tensor has in relativistic theories, since such an object cannot be defined in general Carrollian dynamics. In the very particular instance of flat Carrollian geometry, due to the existence of global symmetries, the on-shell Carrollian momenta are indistinguishable from the Noether conserved currents. In this case they can be packaged in a non-symmetric spacetime energy-momentum tensor.
We have proven that the general conservation equations of the set of Carrollian momenta are recovered as the ultra-relativistic limit of the relativistic energy-momentum tensor conservation equations. This is expected and shows in passing that the Carrollian limit of the energy-momentum tensor outside its conservation equations is non sensible.
As usual in theories with local symmetries, volume conserved charges cannot be defined from plain conserved momenta. Killing fields are needed, in order to construct conserved currents and extract conserved charges, which encode the physical information stored in the fields at hand. We performed all these steps in a general Carrollian geometry, starting with the definition of the Killing vectors and proceeding with currents (projections of the Carrollian momenta) and charges.
All these concepts and techniques have been finally illustrated in concrete examples inspired from flat holography. Indeed, the null infinity of an asymptotically flat spacetime is a natural host for Carrollian geometry, and Carrollian conservation equations on I + emerge as part of the bulk Einstein dynamics. More specifically, we have shown that in three bulk dimensions the Carrollian charges match the surface charges obtained from standard bulk methods. However, in four-dimensional linearized gravity, the presence of gravitational radiation spoils the conservation of surface charges. At the level of the Carrollian conservation equations, this is interpreted as a conformal anomaly, the radiation sourcing the anomalous factor. The subsequent analysis of the Robinson-Trautman and Kerr-Taub-NUT exact solutions nicely confirms these expectations and the interplay among the bulk and the boundary dynamics.
Our analysis triggers many questions. Among others, the two examples of exact Ricci-flat spacetimes treated here suggest to further investigate the Carrollian interpretation of fourdimensional gravity in full generality, i.e. without assuming linearity. More generally, this work may help in paving the road toward the Carrollian understanding of flat holography, already discussed in several instances in the literature.
